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SUMMARY 
The l i f t  f o r c e  on a deformable liquid sphere moving in  s teady ,  p lane  
Poiseuille-Stokes flow and subjected to an external body force  is calculated.  
The r e s u l t s  are obtained by seeking a solut ion to  Stokes '  equat ions for  the 
motion of t h e  l i q u i d s  i n s i d e  and outs ide  the  s l igh t ly  per turbed  sphere  sur face ,  
as expansions valid for small values  of  the rat io  of  the Weber number t o  t h e  
Reynolds number. When the  r a t io  o f  t he  drop  and e x t e r n a l  f l u i d  v i s c o s i t i e s  i s  
small, t h e  l i f t  e x e r t e d  on a neutrally buoyant drop is found to be approximately 
one-tenth of the magnitude of the force reported by Wohl and Rubinow ( re f .  1 )  
ac t ing  on the  same drop i n  unbounded Po i seu i l l e  f low in  a tube. The r e s u l t a n t  
t ra jectory of  the drop is ca lcu la ted  and displayed as a function of the exter- 
n a l  body force .  
INTRODUCTION 
Understanding the dynamics of a s i n g l e  p a r t i c l e  and suspensions of parti-  
c l e s  i n  slow viscous flow is  of fundamental importance i n  many branches of 
science and technology, such as a i r  pol lut ion,  ra indrop formation,  f luidizat ion 
i n  the chemical process industry,  blood flow, the flow of fiber suspensions in 
paper making, e t  al .  ( r e f s .  2, 3) .  
The migration of a s ing le  sphe r i ca l  pa r t i c l e  ac ross  the  s t r eaml ines  o f  a 
nonuniform creeping flow cannot be explained on t h e  b a s i s  of Stokes' equations, 
even i n  the presence of bounding walls; i .e.,  a sphere experiences no trans- 
verse force a t  zero  Reynolds number. A t ransverse force does exist theore t i -  
c a l l y  i f  i n e r t i a l  f o r c e s  are taken into account  (refs. 4, 5 ,  6). Hawever, 
t h e  s i t u a t i o n  is d i f f e r e n t  f o r  f l e x i b l e  p a r t i c l e s .  E x p e r i m n t a l  o b s e r v a t i o n s  
(ref- 7) reveal t h a t  a t  low Reynolds numbers, even when a r igid sphere experi-  
ences a negligible transverse force,  neutrally buoyant deforming drops (and 
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f l ex ib l e  so l id  pa r t i c l e s )  mig ra t e  r ap id ly  ac ross  s t r eaml ines .  Th i s  sugges t s  
t h a t  t h e  l i f t  f o r c e  which produces migration arises from the  in t e rac t ion  be- 
tween the par t ic le  deformation and the  sur rounding  f low f ie ld ,  ra ther  than  from 
an i n e r t i a l   e f f e c t .  
Chaffey e t  a l .  ( r e f .  8) considered the problem of a deformable liquid sphere 
i n  Couette-Stokes  flow  (linear  shear). Assuming the  drop  to  be  ' c lose '  to  the  
plane w a l l  bounding the flow, they found that the effect on the  deformed drop 
w a s  t o  produce a force tending to  push the drop away from the  w a l l .  This force 
has two f a i l i n g s  when used alone as a basis  for  explaining the migrat ion of  drops 
i n  p l a n e  P o i s e u i l l e  flow. F i r s t ,  i t  neglec ts  the  force  due t o  t h e  i n t e r a c t i o n  
of the parabolic profile with the resultant deformation of the drop. Secondly,  
i t  cannot be expected t o  be  va l id  when the drop is n o t  c l o s e  t o  t h e  w a l l .  I n  
f a c t ,  Karnis & Mason ( r e f .  9) have shown experimentally that the migrat 'ion rates 
ca lcu la ted  by Chaffey e t  a l .  are s igni f icant ly  la rger  than  those  which are ob- 
served. The experimental  observations were recorded a t  a considerable  dis tance 
from the walls r e l a t i v e  t o  t h e  p a r t i c l e  s i z e .  
In  th i s  paper ,  the  hydrodynamic fo rce  a r i s ing  ou t  o f  t he  in t e rac t ion  between 
the incident plane parabolic flow and the sphere deformation is  ca lcu la ted .  The 
i n t e r a c t i o n  between the  drop and the boundary walls i s  neglected.  The ana lys i s  
herein follows that of reference i wherein the case of P c i s e u i l l e  f l o w  i n  a 
tube i s  considered (see also refs .  10,  11, 12). 
FORMULATION 
The drop sur face  i s  defined by 
r = 1 + f ( 0 ,  $), (1) 
where ( r ,  0 ,  4) are spherical  polar  coordinates  with pole  f ixed a t  the center of 
the undis tor ted drop and the  axis 0 = 0 along the direct ion of  the undis turbed 
ve loc i ty  U. We denote  the  ve loc i ty  of  the  f lu id  ex ter ior  to  th i s  sur face  by 
v and the pressure by p. 813 .  e x t e r n a l  l e n g t h s , , v e l o c i t i e s  and stresses have been 
-). 
-f 
non-dimensionalized by a , Uo and vUoa , respec t ive ly ,  where a i s  the 
radius  of  the undeformed drop, Uo is a re ference  ve loc i ty  to  be  spec i f ied  la ter ,  
and 1-1 is  the   v i scos i ty   o f   the   f lu id   ou ts ide   the   d rop .   Quant i t ies   charac te r -  
i z i n g  t h e  i n t e r i o r  o f  t h e  drop are distinguished with a prime. It is  assumed 
that  {v,p) and {v' , p ' }  s a t i s f y  t h e  Stokes'  equations  and  conditions: 
-I 
-t -+ I.- 
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+ + + +  
A v - V p - 0 ,  V v = O ,  v - U a t  r = a ,  
A;' - Vp' = 0, V G' = 0, 3' bounded, ( 0 -  
+ + + 
v = v' = 0, Vt = v' -rt = a-r a t  r = 1 +  f(0,$),  +' n n t' t 
ETn = E a  T' + R1 a t  r = 1 + f ( e ,Q) ,  ( 4 )  -1 + R-l n 2 
where v represents  the normal  veloci ty  component, v the  t angen t i a l  ve loc i ty  
vector,  -rt the   t angent ia l  stress vector,  the  magnitude  of  the  normal stress; 
a = p'/v;  R and R2 are the  two pr inc ipa l  r ad i i  o f  cu rva tu re  of t h e  drop surface; 
and the dimensionless parameter E = pUOT , where, T is the constant surface ten- 
s ion  a s soc ia t ed  wi th  the  in t e r f ace  between tlle two viscous media. The pressure  
p' includes a body force  K pe r  un i t  volunae which is  assumed t o  act on the drop 
in  the  pos i t ive-z  d i rec t ion .  Equat ion  ( 4 )  is Laplace's  formula for the equili-  
brium between the normal stress across  the surface and the tension and curvature 





We seek the solution of equations (2) - ( 4 )  as expansions valid for small 
values of E which, upon neglec t ing  terms of O(E) ,  are of t he  form 
+ +  
v = vo + E vl, p = Po + E pl, + 
+ 
v'  = v'  + E v;, p '  = E pi1 + p;, + E p i ,  + + -1 0 
€ = E f  1 '  
The so lu t ion  in  gene ra l  w i l l  depend on the parameter a. We s h a l l  see (eq. ( 6 ) )  
t ha t  t he  t e r m  E ' , which  gives   the  internal   pressure  of   the   drop  in  i t s  
spherical  shape when U = 0,  i s  needed in  o rde r  t o  sa t i s fy  cond i t ion  ( 4 ) .  The 
deformation f is assumed t o  b e  O(E) so that the drop is  s p h e r i c a l  when U = 0. 
Upon inser t ing equat ions (5) into equat ions (2) and equating coefficients of each 
p-1 + 
+ 
power of E i n  each equation, we f ind that  {vi ,pi ,G' ,p '3  for  i = 0 ,  1 s a t i s f y  
the Stokes'equations, VpI1 = 0, vo = U a t  r = 03, and v1 = 0 a t  r = 00. 
. +  
+ + i 5  
The boundary conditions (3) - ( 4 )  must be  examined c a r e f u l l y  i n  o r d e r  t o  
determine the contributions a t  the various orders of E.  It can be shown ( r e f .  1 )  
t ha t  t he  normal and t angen t i a l  components of t he  ve loc i ty  and stress vec tors  can 
be expressed, through a small r o t a t i o n ,  i n  terms of  spherical  coordinate  com- 
ponents. This small r o t a t i o n  is def ined with the aid of  two Eulerian angles,  
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which are re la ted  to  the  deformat ion  of the drop. A Taylor expansion about 
r = 1 of  the  quan t i t i e s  i n  equa t ions  (3) - (4) is then used to transform to an 
equivalent set of boundary conditions evaluated on t h e  undeformed sphere surface.  
Final ly ,  taking account  of  equat ions (5) y i e lds :  
OCEO), 
Pi1 = 2/a, 
a a 2 a" 
ae 2) fl a0 
'I: Orr Orr = a'I:' - (2 + cosece - (sine z) + cosec 8 a t  r = 1. (9) 
Equations (7) involve only the O(E ) terms of the expansion, and equation (9) 
gives the deformation f i n  terms of the quantit ies determined from the O(E ) 
so lu t ion .  The function f . is determined as a p a r t i c u l a r  s o l u t i o n  of equation (9) 
sub jec t  t o  the  aux i l i a ry  cond i t ions  tha t  t he  volume of  the  drop remains constant, 






PLANE PARABOLIC FLOW 
We now consider U t o  be a plane parabolic flow represented by 
U = B + G x + y x ,  2 (10) 
with respect  to  a coordinate system fixed a t  the  cent ro id  of the drop, where 
B ,  6 and y are cons tan ts .  In  order  to  relate t h i s  t o  p l a n e  P o i s e u i l l e  flow, le t  
the  drop be located a t  an orthogonal distance X = b measured from the mid-plane 
between two parallel walls, one s t a t iona ry ,  w i th  the  pos i t i ve  X-axis po in t ing  
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i n  t h e  d i r e c t i o n  of t he  o the r  w a l l  moving in  the  pos i t ive-z  d i rec t ion  wi th  ve lo-  
c i t y  Uw. Suppose that  the drop is moving with dimensionless velocity 
c = dZ/dt , wi th  r e spec t  t o  a coordinate  system f ixed in  the s ta t ionary w a l l , !  
and i n  t h e  same d i rec t ion  as the  Poiseui l le  f low f ie ld .  Then the veloci ty  of  
t he  flow wi th  r e spec t  t o  a coordinate system fixed a t  the  cent ro id  of the drop 
is 
where 1 
X = b + ax. J 
-Here the  re ference  ve loc i ty  U = -b  G/2u where  bo is one-half  the distance 
between the  walls bounding the flow, and G # 0 is the constant  appl ied pressure 
gradient. By comparing equation (10) with  equation (11) it fol lows  that  
2 
0 0 
b 2 'w b 6 f 1 -  (-) + -  (l+-) - c, 
2u0 
2 ab 2 6 E  
2u0 bo 
- -  , Y -(a/bo) 
Since the O(E: ) v e l o c i t y  f i e l d  s a t i s f i e s  t h e  boundary condition vo -+ Uk 
as r + 00, where k is t h e  u n i t  v e c t o r  i n  t h e  z d i r e c t i o n ,  i t  follows from t h e  
l inear i ty  of  S tokes '  equa t ions  tha t  the  O(E ) so lu t ion  is eas i ly  obta ined  as t h e  





on the  
the  known flows past  a l iquid sphere in  uniform stream, l i n e a r  s h e a r  and 
quadra t ic  shear .  From these  so lu t ions  the  O(E ).hydrodynamic force F 0 -F 
drop is ca lcu la ted   to   be  c) 
0 
+ F = 6rpa U0[ 2 6 + - - 
0 at-1 
This is the  drag  force  ac t ing  on the  undeformed drop. The value of B (o r  
equiva len t ly  the  ve loc i ty  c of t h e  drop via eq. (12))is determined so t h a t  t h e  
body force "IT a Kk balances Fo, v i z .  4 3 - +  -+ 3 
where k is the non-dimensional body force given by k = K a / p'Uo. 2 
The deformation fl is found from equation (9) t o  b e  
,149 7 
f l  = fll + fl2Y 
16  
19 cos@ p2 (case), fll = 24 a+l 
1 
10 
Cp3(cose) -. -  COS^$ p3 I, = - y -  f12 40 a+l 6 
- 11 0 1 2 
where  P2, P and P are associated  Legendre  polynomials.  It is  s e e n   t h a t   t h e  
deformation is independent  of  the body fo rce .  
1 0  2 
3 3 
To determine the O(e) fields {vl,pl ,  vi ,p;)  w e  must so lve  S tokes '  equa t ions  
-+ -% 
sub jec t  t o  the  in t e r f ace  boundary  cond i t ions  (8) a t  r = 1, i n  a d d i t i o n  t o  h a v i n g  
v vanish a t  i n f i n i t y .  It is found  that   the  drop  does  not  experience  any  hydro- 
dynamic fo rce  owing t o  i n c i d e n t  l i n e a r  s h e a r  (6x) and quadra t ic  shear  (yx ), 
+ 
1 2 
considered  independent ly .  However, t he i r  combina t ion  g ives  rise t o  a n  a d d i t i o n a l  
O(E) ' f l o w  n e e d e d  t o  s a t i s f y  a d d i t i o n a l  i n t e r a c t i o n  terms i n   t h e  boundary condi- 
t i o n s  ( 8 ) .  It is  t h i s  i n t e r a c t i o n  f i e l d  which  produces a t r ansve r se  fo rce  on t h e  
d r o p .   I n   p a r t i c u l a r ,   d e f i n e   t h e   i n t e r a c t i o n   c o n t r i b u t i o n s  w and cr l r   l r  8 by 
where v(') a n d  v ( 2 ) r e p r e s e n t  t h e  l i n e a r  s h e a r  a n d  q u a d r a t i c  s h e a r  f l o w s ,  con- 
s idered independent ly .  There are no cont r ibu t ions  a r i s ing  f rom the  uni form f low 
(8) i n  equa t ions  (16 )  because  to  O(e) uniform flow produces no deformation of the 
drop  (eqs .   (15)) .   Subst i tut ing  equat ions  (16)   and  analogous  expressions  for  
t h e  o t h e r  O ( E )  ve loc i ty  and  stress components i n t o  c o n d i t i o n s  (8) toge the r  w i th  
the deformations (15), w e  f i n d  t h a t  t h e  i n t e r a c t i o n  f i e l d  must s a t i s f y ,  a t  r = 1: 
l r   l r  
J 
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The quant i ty  v ( ~ )   i n  equations (17) denotes the O(E ) r a d i a l  v e l o c i t y  component 
corresponding to a uniform stream, l i n e a r  s h e a r  flow and quadrat ic  shear  f low 
f o r  i = 0 ,  1, and 2 ,  respec t ive ly ,  and s i m i l a r l y  f o r  t h e  o t h e r  v e l o c i t y  and 
stress components. 
0 
O r  
THE LIFT FORCE AND TRAJECTORY 
The O(E) i n t e r a c t i o n  f i e l d  can now be found by f i r s t  i n s e r t i n g  t h e  known 
deformations  and O(E ) f i e l d s  i n t o  boundary  conditions (17 ) .  The s o l i d  s p h e r i c a l  
harmonics  and t h e i r  c o e f f i c i e n t s  i n  Lamb’s genera l  so lu t ion  ( re f .  13, p. 595) t o  
Stokes’ equations,  for a sphere are then chosen s o  that  condi t ions (17) a r e  satis- 
f i ed .  However, t h e pe r tu rba t ion  to  the  O(E ) force experienced by the  drop a f t e r  
deformation depends only upon one s o l i d  s p h e r i c a l  harmonic of order -2 i n  Lamb’s 




F1 = -4.rrl.l€UOa V(r P 2) , 3 - 
where P - ~  - A - ~  1 r-2 p;(cos e) cos 1 (18) 
in  the  case  of  a parabolic flow represented by equation (10) Upon s u b s t i t u t i n g  
equation (14) i n to  the  computed value of  the coeff ic ient  A’ ’ we obtain the 
n -2 ’ 
r e s u l t  -f 19 F1 = - 
L 
20 .rrpEuo a 6 y c F~~ 1, n=O 
where 
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223440 a+- 15960 * a2 F12 - - (zi)(a + 11' (148960 
The d i rec t ion  of  the  force  F1 is or thogonal  to  the  d i rec t ion  of  the  undis -  
-t 
turbed flow a t  i n f i n i t y .  We no te  tha t  t he  f ac to r  y appearing in equation (19) 
causes the  cont r ibu t ions  made by t h e  c o e f f i c i e n t s  F and F12 to  vanish  when the.  
quadra t ic  shear  por t ion  of  the  inc ident  parabol ic  f low is  set  equal to zero,  
whereas the  body force   cont r ibu t ion   appear ing   in   the   coef f ic ien t  F remains 
f i n i t e  and  propor t iona l  to  the  body force  parameter k. I n  t h i s  case F repre- 
sen ts  the  t ransverse  force  exer ted  on a drop when the  inc ident  f low cons is t s  of  
a uniform stream p lus  a l inear  shear  f low.  It is observed from the detailed 
ca lcu la t ion  which has been performed that the contributions made by the coeff i - -  
c i e n t s  Fl l  and F12 t o  F1 arise, respec t ive ly ,  from i n t e r a c t i o n s  between (a) the 
O(E ) quadrat ic  shear  f low and the l inear  shear  deformation f ,and (b) the O(E ) 
l inear  shear  f law and the quadrat ic  shear  deformation f12. It is seen that  the 
i n t e r a c t i o n  between O(E ) uniform stream and f does not  contr ibute  to  the 










The s ign  of  the  force  F1 can be determined by inspection of equation (19) 
a f te r  inser t ing  the  va lue  of  b ,  g iven  by equation (22). The coe f f i c i en t s  (20) 
and t h e i r  sum are p lo t t ed  aga ins t  a i n  f i g u r e  1 f o r  a neutrally buoyant drop, 
when k is zero. For small a, the  sum FI0 + Fll + F12 is negat ive.  In  this  case 
the migration of the drop is  always towards the point of zero velocity gradient, 
v iz .  X = U b /4U0. It is observed  from  equations  (20)  that,  in  general,  the 
direct ion of  migrat ion depends only on the  parameters k/y and a and not upon 
rad ia l  pos i t ion  (o ther  than  which s ide  of  the  poin t  where dU/dX= 0 the drop i s ) .  
We s h a l l  now ca lcu la te  the  t ra jec tory  of  the  drop .  Its lateral ve loc i ty  
w o  
+ 
db/dt i s  determined by equating the Hadamard & Rybczynski drag force for a 
l iqu id  sphere  to  F, . Thus, -f 
J. 
db 2 - = E (5) (- - 2) F, ab 
4uOb0 bo 
2 
d t  
19 a+l 
60 ( 2) ' Fin' a 5  n=O F = - -  -
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Integrat ion of  equat ion (21)  yields  
\ 
uwbo 
4 u ~  
b =-  
4 3 T = bo/&Uoa F, J 
where  bl is the  i n i t i a l  posi t ion of  the drop.  The t ra jectory of  the drop is 
obtained by dividing db/dt, given by equation (21) into dz/dt = c, given by 
equation (14). Upon in t eg ra t ion  w e  ob ta in  b 
2 -1 
E (a/bo) 3F 
"- 
" - 
- 4 u ~  
The r a t i o  U /U may be  e i the r  pos i t i ve  o r  nega t ive  depending on the  s ign  w o  
of the applied pressure gradient.  In undisturbed flow some l aye r s  of t h e  f l u i d  
w i l l  move i n  a d i rec t ion  oppos i te  to  U when U i s  su f f i c i en t ly  nega t ive .  The 
c r i t i ca l  p ressure  grad ien t  occurs  when  dU/dX = 0 a t  X = -b i.e., when 
Uw/Uo = - 4 .  Theoretical  curves based on equation (23) are shown i n  f i g u r e  2 ( a )  
f o r  Uw = 0, Uo > 0 and i n  f i g u r e  2 ( b )  f o r  Uw/Uo = -4, for  the parameter  values  
a = 0, & = 0.01, a/bo = 0.1 and bl/bO = 0.5, and for  var ious values  of t h e  body 
force parameter k. These t r a j e c t o r i e s  show t h a t  t h e  drop may move inwards o r  
outwards. The direct ion of  migrat ion as t -f 03 for  the var ious values  of  k can 
be determined by examination of equations (21) and (14). 
W 0 
0' 
Figure 2(a) (wherein Uw = 0) shows that  the drop moves in  the  pos i t i ve -z  
d i r ec t ion  and approaches the axis midway between the  walls (b = 0) asymptotically 
f o r  k > -0.011 (to three decimal places) . When k = -0.011, the drop travels 
a long  the  l i ne  b = bl i n  the  pos i t i ve -z  d i r ec t ion .  For  -2.25 < k < -0.011, t h e  
d rop  mig ra t e s  r ad ia l ly  ou twards ,  i n i t i a l ly  in  the  pos i t i ve -z  d i r ec t ion .  When 
k < -2.25, t h e  t r a j e c t o r i e s  are always i n  the negat ive-z  direct ion and radial ly  
outwards. When the  above t r a j e c t o r i e s  are compared with those of a drop i n  
Po i seu i l l e  f low in  a tube,  depicted in  Figure 7 of Wohl and Rubinow ( r e f .  1) , 
it is observed that  there  is negl ig ib le  d i f fe rence  except  i n  the  case lkl << 1. 
This observation is to be expected because when a = 0 and'a/bo = 0.1, it is 
found t h a t  F = 1.337 + 120k (to three decimal places) from equations (21) and 
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I l l  . 
(20). The v a l u e  o f  F  f o r  c i r c u l a r  P o i s e u i l l e  f l o w  is 10.075+  120k ( t o  t h r e e  
decimal  places) .  The  body force parameter k dominates both expressions unless 
I kl << 1. Figure  2(b)  (wherein Uw/Uo = -4) d i sp lays  the  drop  moving i n  t h e  
pos i t ive-z  d i rec t ion  and  approaching  the  s ta t ionary  w a l l  (b = -bo) asymptot ica l ly  
f o r  k < -0.011. For -0.011 < k C 6 . 7 5 ,  t h e  t r a j e c t o r i e s  are always i n  t h e  
pos i t i ve -z  d i r ec t ion  and  r ad ia l ly  ou twards .  When. k > 6.75 the drop migrates 
r a d i a l l y  o u t w a r d s ,  i n i t i a l l y  i n  t h e  n e g a t i v e - z  d i r e c t i o n .  
SCOPE  OF THE ANALYSIS 
The inc iden t  pa rabo l i c  f low is  c o n s i d e r e d  t o  b e  unbounded i n  t h e  s e n s e  t h a t  
t he '  s econda ry  e f f ec t  o f  t he  w a l l  on the perturbed flow produced by the drop i s  
neglec ted ,  i .e . ,  interact ion between the drop and the boundary walls is 
neg lec t ed .  A l so ,  t he  r e su l t s  he re in  are n o t  a p p l i c a b l e  u n l e s s  t h e  e f f e c t s  o f  
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Figure 1 . -  Contributions to the force F1 defined by equations 
(20) with the body force parameter k = 0 ,  as a function of 




(a )  Uw = 0; u0 > 0. 
lo 9 t 
2 -  
I -  
(b) Uw/Uo = - 4 .  
Figure  2.- T r a j e c t o r i e s  of a d r o p  i n  p l a n e  P o i s e u i l l e  f l o w  and 
s u b j e c t  t o  a body fo rce ,   acco rd ing   t o   equa t ion  (23) .  It i s  
assumed t h a t  a = 0, E = 0.01,  a/bo = 0.1,  and b /b = 0.5. The 
l a b e l s  d e n o t e  v a r i o u s  v a l u e s  of t h e  body force  parameter  
k = Ka /p'Uo. The l i n e  b = 0 is  loca ted  midway between t h e  two 
walls bounding the  f low.  The  a r rowheads  ind ica t e  the  d i r ec t ion  
of migration. 
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